Abstract. For a family of real quadratic fields {K n = Q( f (n))} n∈N , a Dirichlet character χ modulo q and prescribed ideals {b n ⊂ K n }, we investigate the linear behaviour of the special value of partial
Introduction
In this paper, we are mainly concerned with linear behaviour of the special values of Hecke's L-function at s = 0 for families of real quadratic fields.
Let {K n = Q( f (n))} n∈N be a family of real quadratic fields where f (n) is a positive square free integer for each n. For example f (x) can be a polynomial with integer coefficients.
For a Dirichlet character χ modulo q, we have a ray class character χ n := χ • N Kn for each n. Fixing an ideal b n in K n for each n, one obtains an indexed family of partial Hecke L-functions {L Kn (s, χ n , b n )}, where the partial Hecke's L-function for (K, χ, b) is defined as
χ(a)N(a)
−s .
and a ∼ b means that a = αb for totally positive α ∈ K. Roughly speaking, if L Kn (0, χ n , b n ) can be written as linear polynomial in k with coefficients depending only on r for n = qk + r, we say that L Kn (0, χ n , b n ) is linear.
Definition 1.1 (Linearity).
When the special values of L Kn (s, χ n , b n ) at s = 0 is expressed as L Kn (0, χ n , b n ) = 1 12q 2 (A χ (r) + kB χ (r)) for n = qk + r, A χ (r), B χ (r) ∈ Z[χ(1), χ(2), · · · χ(q)], we say that L Kn (0, χ n , b n ) is linear.
The "linearity" is originally observed by Biró in his proof of Yokoi's conjecture( [2] ). In Yokoi's conjecture, we take K n = Q( √ n 2 + 4) and b n = O Kn . In page 88, 89 of [2] , Biró expressed the special value of Hecke's L-function for (K n , χ n , O Kn ) at s = 0 for n = qk + r When K n is of class number 1, the unique ideal class can be represented by any ideal b n . A priori the partial Hecke L-function equals the total Hecke L-function up to multiplication by 2(ie.
for c the number of narrow ideal classes).
From this identification, one can find the residue of n by sufficiently many primes p for which the class number of Q( √ n 2 + 4) is one. Moreover, from the linearity, this residue depends only on r. Consequently, one can tell whether p inerts or not in Q( √ n 2 + 4). As we have a bound for a smaller prime to inert depending on n, finally we have enough conditions to list all K n of class number 1.
Later in diverse works of Biró, Byeon, Kim and the second named author ( [3] , [7] , [8] , [12] , [11] ), other families (K n , χ n , b n ) that has linearity have been discovered. Similarly, developing Biro's method, one can solve the associated class number one problems.
In this paper, we give a criterion for (K n , χ n , b n ) to have the linearity of the values L Kn (0, χ n , b n ) in terms of the continued fraction expression of δ(n) where b 
Our main theorem is as follows: Theorem 1.3 (Linearity Criterion). Let {K n = Q( f (n))} n∈N be a family of real quadratic fields where f (n) is a positive square free integer for each n. Let χ be a Dirichlet character modulo q for a positive integer q and χ n be a ray class character modulo q defined by χ • N Kn . Suppose b n is an integral ideal relatively prime to q such that b
Assume the continued fraction expansion of δ(n) − 1
is purely periodic and of a fixed length s independent of n and a i (n) = α i n + β i for some fixed α i , β i ∈ Z.
If N Kn (b n (C + Dδ(n))) modulo q is a function only depending on C, D and r for n = qk + r, then L Kn (0, χ n , b n ) is linear.
Furthermore, we give a precise description of A χ (r) and B χ (r) using values of the Bernoulli polynomials (Proposition 3.8). From this description, for n with h(K n ) = 1, as in Biró's case, one can compute the residue of n modulo p depending on the mod-q residue r of n. There are possibly many (q, p) pairs. The more pairs of (q, p) we have, the more we can restrict possible n. There are known many families of which class number one problem can be solved in this way. Many of known results can be recovered by ensuring the linearity from continued fraction expansion and finding enough (q, p).
There are still other families of real quadratic fields with linearity whose class number one problems are not yet answered. Morally, once we obtain reasonable class number one criterion, finding sufficiently many (q, p)-pairs should solve it. This paper is composed as follows. In Section 2, we describe the special value at s = 0 of the partial Hecke L-function in terms of values of the Bernoulli polynomials. Ssection 3 is devoted to the proof of our main theorem. In Section 4, Biró's method is sketched as a prototype to apply the linearity. Finally in Section 5, we finish this paper with a possible generalization of the linearity criterion to polynomial of higher order.
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Notations and conventions
Throughout this article, we keep the following general notations and conventions. If we find it necessary, we rewrite the notations in concrete terms at the place where it is used.
(1) K is a real quadratic field.
(2) For a real quadratic field K, we fix an embedding ι : K → R. If there is no danger of confusion, we denote ι(α) by an element α ∈ K. α ′ denotes the conjugate of α as well as ι(α ′ ). (3) For α ∈ K, N K (α) denotes the norm of α over Q. If there is no danger of confusion, we simply write N(α) to denote N K (α).
For an integral ideal a of K, N(a) denotes the norm of a defined to be [o K , a]. (4) For two linearly independent elements α, β ∈ K as a vector space over Q, [α, β] denotes the lattice (ie. free abelian group) generated by α and β. A fractional ideal a of K seen as a lattice is denoted by [α, β] if {α, β} is a free basis of a. (5) For a subset A of K, we denote A + the set of totally positive elements in A. (6) χ is a fixed Dirichlet character of modulus q. (7) For a real number x, 0 , a 1 , . . . , a n )) is the purely periodic minus continued fraction:
(a 0 , a 1 , a 2 , . . . , a n , a 0 , a 1 , . . .) (12) For an integer s, µ(s) = 1(resp. ) if s is odd(resp. even).
Partial Hecke L-function
Throughout this section, K denotes a real quadratic field and b is a fixed integral ideal of K relatively prime to q.
A ray class character modulo q is a homomorphism
where I K (q) is a group of fractional ideals of K which is relatively prime to q and P K (q) is a subgroup of principal ideals (α) for totally positive α ≡ 1 (mod q). Throughout this section, b is an integral ideal such that
Let E + (resp. E + q ) be the set of totally positive units (resp. the set of totally positive units congruent to 1 mod q) in K. Then E + acts on the set F by the rule (
, the ideal qαb is relatively prime to q.
Proof. Suppose that (q, (C + Dδ)b) = 1. We have
we have (qbα, q) = 1. 
According to this decomposition of F , we can decompose further the partial Hecke's L-function:
Proposition 2.3. Let q be a positive integer. For an ideal b ⊂ K relatively prime to q and a ray class character χ modulo q, we have
We also have for a totally positive fundamental unit ǫ > 1
And from Lemma 2.2, we have
By equation (2), the above is equal to
Note that for α ∈ (
+ , qbα and (C + Dδ)b are in the same ray class modulo q. Thus χ(qbα) = χ((C + Dδ)b). This completes the proof.
2.1. Shintani-Zagier cone decomposition. We review briefly the decomposition of (R 2 ) + into cones due to Shintani and Zagier in [18] , [19] , [20] . This depends on a real quadratic field K and a fixed ideal a inside. Here for the sake of computation, we fix a = b −1 where b is set as in the beginning of this section.
K is embedded into R 2 by ι = (τ 1 , τ 2 ), where τ 1 , τ 2 are two real embeddings of K. Especially the totally positive elements of K lands on (R 2 ) + . We are going to describe the fundamental domain of (
+ by coordinate-wise multiplication:
+ where E + q = ǫ λ for an integer λ and ǫ > 1 is the unique totally positive fundamental unit.
If we take the convex hull of
+ , the vertices on the boundary are {P i } i∈Z for P i ∈ ι(b −1 ) and determined by the inequalities that P 0 = ι(1), P −1 = ι(δ) and x(P i ) < x(P i−1 ) where x(P k ) denotes the first coordinate of P k for k ∈ Z. Since any two consecutive boundary points make a basis of ι(b −1 ), we find that
for an integer b i . It is easy to see that b i ≥ 2 from the convexity. Thus we obtain (4)
Let ǫ > 1 be the totally positive fundamental unit. ǫ moves a boundary point to another boundaty point preserving the order. Thus we have
for a positive integer m. Therefore we obtain the following proposition.
) This is immediate from (5). (5) It is trivial from (3) and (4).
From (3) and (4) 
Obviously the fundamental set of the quotient (ι(
inside D R , which we denote by D is given by a disjoint union:
In [16] , Yamamoto found a recursive relation satisfied by (
where · is as defined at the end of the introduction. (ie.
Then from Eq. (6), we obtain the following:
In [19] , Shintani evaluated n 1 ,n 2 ≥0 N((x + n 1 )δ + (y + n 2 )) −s at nonpositive integers. In particular, the value at s = 0 is expressed by first and second Bernoulli polynomials as follows:
Moreover, Yamamoto in the proof of Theorem 4.1.1 of [16] simplified the above:
Finally, we have α∈( 
Proof. From (4) of Proposition 2.4, we have
for any integer i. Thus
Therefore,
From Lemma 2.7 and the periodicity of b i , we have Lemma 2.8.
α∈(
C+Dδ q
Finally, we have Proposition 2.9. For a ray class character χ modulo q and an ideal b of K such that
for δ ∈ K with δ > 2 and 0 < δ ′ < 1, we have
Proof. From Proposition 2.3, we obtain
Lemma 2.8 implies that the above is equal to
Since (C + Dδ)ǫb = (C + Dδ)b, the above is expressed as follows
we find that the above equals to
If ((C + Dδ)b, q) = 1 then χ((C + Dδ)b) = 0. Thus we complete the proof.
Remark 2.10. It is important to note that the summation running over C, D ∈ [1, q] is actually supported on F . This is justified by the twist of the mod q Dirichlet character. Obviously, F depends on δ in K, but the twisted sum has invariant form of δ and K. This is a subtle point in the proof of the main theorem as we deal with family of the Hecke's L-values with respect to a family (K n , χ n , b).
Proof of the main theorem
In this section, we compute the special values of Hecke's L-function for a family of real quadratic fields. The computation is made using the expression of the L-value in the previous section. After the computation, it will be apparent that the linearity property comes sufficiently from the shape of the continued fractions in the family. This will complete the proof of Theorem 1.3.
This gives a criterion that will recover several approaches of class number problems for some families of real quadratic fields.
Consider a family of real quadratic fields
, where d n is a positive square free integer. For a fixed Dirichlet character χ of modulus q, we associate a ray class character χ n := χ • N Kn/Q for each n. Let us fix an ideal b n of K n for each n. Then we have a family of the Hecke's L-functions associated to (K n , χ n , b n ):
where a runs over integral ideals a in the ray class represented by b n .
Plan of the proof. Assume that
As discussed in Prop.2.4, δ(n) has a purely periodic minus continued fraction expansion:
We extend the definition of b i (n) for all i ∈ Z by requiring that
and we define {A k (n)} k∈Z by
Then for fixed C, D and n, there is a unique (x i C+Dδ(n) , y i C+Dδ(n) ) such that
for each i ∈ Z, as described in the previous section. This (x i C+Dδ(n) , y i C+Dδ(n) ) satisfies Yamamoto's recursive relation (7) as follows:
. Now we recall a standard conversion formula of a plus continued fraction expansion to minus continued fraction expansion: Lemma 3.1. Let δ − 1 be a purely periodic continued fraction:
Then the minus continued fraction expansion of δ is [18] ). Actually if s is an odd integer, the period m is
Since a i has period s, we find that
For the family of δ(n) ∈ K, we assumed that
has the same period for every n. Then δ(n) has purely periodic minus continued fraction expansion
with b i (n), S j (n) and m(n) defined by the same manner as in the previous lemma. One should be aware that m(n) vary with n, while the period of positive continued fraction s is fixed.
From Proposition 2.9 and recursive relation (15) of (x i C+Dδ(n) , y i C+Dδ(n) ), we have
To check the linear behavior, it suffices to show that (17)
is linear in k with the coefficients determined only by r. Because b i (n) = 2 if i = S j (n) for some j, we can divide the above into two parts:
where µ(s) = If C, D are fixed and there is no danger of misunderstand, x i (n) will simply mean x i C+Dδ(n) . Below is the behavior of x i (n), when n varies. The proof will be given later.
In short, {x i (n)} is a 'piecewise arithmetic progression'. As we have constrained that a i (n) = α i n+β i , a i (n) q is independent of k for n = qk + r but depends only on i and r.
Define γ i (r) as follows:
has period q from 2 above, we obtain
where a i (n) = κ i (n)q + γ i (r) for an integer κ i (n). Written precisely,
Since α i r + β i = qτ i (r) + γ i (r) for some integer τ i (r), we can write for n = qk + r
Using 3, x S l (n) (n) and x S l (n)+1 (n) are sufficiently determined by the residue r of n by q. A priori the summations
F (x i (n), x i−1 (n)) and S l (n)+q i=S l (n)+1 F (x i (n), x i−1 (n)) are completely determined by x S l (n) (n) and x S l (n)+1 (n) and remain unchanged while k varies.
Thus we conclude first that I. For n = qk + r,
Using (21) and (22), we have
Again after 3 we conclude that
Additionally, we have III. s and µ(s) is independent of n.
Altogether I,II and III imply the linearity of
B 2 (x i (n)) in k and the coefficients are function in r for fixed C, D. In sequal, we will clarify the properties 1, 2, 3 of {x i (n)}. Also we give precise description
B 2 (x i (n)) that will finish the proof of Theorem 1.3.
Periodicity and invariance.
In this section, we will prove the properties 1, 2, 3 of {x i (n)} in the previous section.
It implies that for S
Proof. Since A 0 (n) = 1, A −1 (n) = δ(n), from (13), (14) and (15) we find that
We also note that b i (n) ∈ Z for any i ≥ 0. Thus (15) implies above lemma.
has period q. Explicitly we have
is an arithemetic progression. Thus we have
Since 0 < x S j (n)+i (n) ≤ 1, we finally have that
For 0 ≤ r ≤ q − 1, we define
where γ i (r) is defined as in (19) . For i ≥ 0, we put
Consider a sequence {ν i CD (r)} i≥−1 with the initial value and the recursive relation as follows:
CD (r) . If C, D are fixed and clear from the context, we omit the subscript and abbreviate ν i CD (r) to ν i (r). Proposition 3.5. With the notations above, for j ≥ 0 and n = qk + r, we have
Proof. We use induction on j.
When j = 0. S 0 (n) = Γ 0 (r) = 0. We need to show x i (n) = ν i (r) for i ∈ [0, γ 1 (r)]. As we have seen in the proof of lemma 3.3,
Since a 0 (n) − γ 0 (r) ∈ qZ, using (15) and the recursive relation of ν i (r), one can easily check that
For 1 ≤ i ≤ γ 1 (r) − 1, x i (n) and ν i (r) satisfy the same recursive relation
Thus we have
Now assume that the proposition holds true for j < j 0 . From Proposition 3.4, we find that if
Since a 2j 0 −1 (n) − γ 2j 0 −1 (r) ∈ qZ, we obtain
and
Moreover from (15), we find that
we have
3.3. Summations. In this section we express
Then for 1 ≤ γ ≤ q and n such that γ ≤ a 2l+1 (n) and n = qk + r, we have
Proof. Since 0 < x i (n) ≤ 1, we have
Thus
where
As
Hence we have
Thus we obtain
Note that
Therefore
For simplicity, we let
Lemma 3.7. If l ≥ 0 and a 2l+1 (n) ≥ q,
where B 2 (x) is the second Bernoulli polynomial.
Proof. We note that
We note that for 1 ≤ γ ≤ q − 1,
and for γ = q from the periodicity of x i (n) we have
CD (r) . Then, for n = qk + r, we have
Proof. From equation (18), we have
From lemma 3.7, we have 12
, we complete the proof. Z, we find that
Moreover, we have
Since χ is a Dirichlet character of modulus q, if n = qk + r, we can write
We warn the reader that the above expression does not make sense if K r and δ(r) are undefined. If we set
we obtain the proof.
Biró's method
Let K n be a family of real quadratic fields such that special value at s = 0 of the Hecke L-function has linearity. In [2] and [3] , Biró developed a way to find the residue of n with h(K n ) = 1 by certain primes using the linearity. In this section, we sketch Biró's method.
Let K n = Q( √ d) for a square free integer d = f (n) and D n be the discriminant K n . For an odd Dirichlet character χ : Z/qZ → C * , χ n denotes the ray class character defined as χ n = χ • N Kn :
) denotes the Kronecker character. Then the special value of the Hecke L-function at s = 0 has a factorization
. Let ǫ n be the fundamental unit of K n . Form Proposition 2.2 in [9] , we find that L Kn (0, χ n , b n ) = L Kn (0, χ n , (ǫ n )b n ). Thus if the class number of K n is one then we have for n = qk + r L Kn (0, χ n ) = c 12q 2 (A χ (r) + kB χ (r)) where c is the number of narrow ideal classes.
Then we have Since n = qk + r, we have n ≡ −q A χ (r) B χ (r) + r (mod I).
Moerover if O Lχ /I = Z/pZ, the residue of n modulo p is expressed only in A χ (r), B χ (r) and r as above.
Below we arrange all the necessary conditions of q and p.
Condition(*) 1. q: odd integer 2. p: odd prime 3. χ: character with conductor q 4. I: prime ideal in L χ lying over p I|( q a=1 aχ(a)) and O Lχ /I = Z/pZ Note that the condition is independent of the family {K n }, once the linearity holds.
Let S be the set of (q, p) satisfying Condition(*).
S =
q:odd integer S q where S q := {(q, p) ∈ S}. Finally we remark that for (q, p) ∈ S we obtain the residue of n = qk + r modulo p for which the class number of K n is one.
The above method has been applied to find an upper bound of the discriminant of real quadratic fields with class number one in some families of Richaud-degert type where the linearity criterion is satisfied(cf. [3] , [2] , [7] , [12] ). Together with properly developed class number one criteria for each cases, the class number problems could be solved.
It is easily checked that in fact the criterion is fulfilled by general families of Richaud-Degert type. Furthermore, there are still abundant examples such families of real quadratic fields satisfying the linearity criterion(cf. [14] ). For these, we have controlled behavior of the special values of Hecke's L-function at s = 0 and Biro's method is directly applied for each cases. We expect many other meaningful problems for family of real quadratic fields than class number problem in arithmetic can be studied in this line.
A generalization
We conclude this section with a possible generalization of the linearity of the special value of the Hecke L-function. This generalization will be dealt in a separate paper [10] .
As in the criterion for linearity, we set K n = Q( f (n)) and b n is an integral ideal of K n . We assume For a given conductor q, write n = qk + r for r = 0, 1, 2, . . . , q − 1. Suppose N = max i {deg(a i (x))}, then we obtain that the special value of the partial ζ-function of the ray class of b n mod q at s = 0 is written as ζ Kn,q (0, (C + Dδ(n))b n ) = 1 12q 2 A 0 (r) + A 1 (r)k + · · · + A N (r)k N for some rational integers A i depending only on r.
We have no application of this property in arithmetic. It will be very interesting if one applies this in similar fashion as Biró's method as presented here.
